Bundling in auctions is unusual but not rare, and has been analyzed in the literature. 2 The duality of the Taipei auction, however, is rare; and to our knowledge, the choice of numeraire in auctions has not yet been studied. This paper studies the choice of numeraire and auction form in multi-object auctions with bundling, with the goals of understanding the effects of duality, how the choice of numeraire interacts with the choice of auction form-English or, equivalently, second-price; or Dutch or, equivalently, first-price-and why duality is so rarely observed. 3 We assume, counterfactually but innocuously, that fish and money are homogeneous and perfectly divisible, and we represent the seller's and the buyers' preferences by indirect utility functions over fish and money left to spend on other commodities. Because a conventional auction and its dual counterpart are isomorphic except for the interchanged roles of fish and money, an analysis of the choice of numeraire must somehow break the symmetry between them. We do so by assuming that the seller and the buyers have von Neumann-Morgenstern indirect utility functions that are quasilinear:
additively separable, linear in money, but strictly concave in fish. This is a plausible approximation for a seller of perishable fish whose cost is sunk at the time of the auction, or for buyers who spend only a small fraction of their budgets on fish.
The interaction between the choices of numeraire and auction form also depends on the seller's and the buyers' information about buyers' preferences. We make assumptions that allow us to represent each buyer's preferences by a scalar value parameter that describes his valuation of fish, relative to money; and we use an independent private values model, in which the buyers' values are independent draws from the same distribution, which is common knowledge. All other aspects of the environment are common knowledge. The independent private values model is a plausible model of an auction of a familiar commodity whose quality is easy to judge, and which we presume is seldom purchased for resale. Within this framework we consider three information conditions: the buyers' values are common knowledge; the buyers' values are common knowledge among buyers, but unknown to the seller; and the buyer's values are privately known.
Section I introduces our model and briefly discusses possible roles for bundling in a sequence of auctions like the Taipei auction, taking the choice of numeraire as given. Sections II-IV consider the choice of auction form and numeraire under the three information conditions. There we take bundling as given and assume that the seller chooses the bundle that is optimal in each auction considered in isolation, ignoring that it is part of a sequence. The possible relationships among the seller's equilibrium expected utilities can be summarized as follows: 
Conventional

Values commonly known Values unknown to seller Values privately known
When the buyers' values are common knowledge, English and Dutch auctions with a given numeraire yield identical equilibrium outcomes, in which the auction is won by the highest valuer of fish, who pays money for the bundle of fish or receives fish in exchange for the bundle of money in an amount that makes the second-highest valuer indifferent between winning and losing. In this case, a conventional auction, English or Dutch, and its dual counterpart yield the same outcome, so the choice of numeraire cannot be explained by the asymmetry in how fish and money enter preferences. Even with complete information, the seller's optimal choice of bundle causes a subtle inefficiency: The bundle is determined by the tradeoff between the seller's and the second-highest valuer's preferences, and is therefore too small to maximize the surplus generated by the exchange that actually takes place between the seller and the highest valuer.
When buyers' values are common knowledge among buyers but unknown to the seller, English and Dutch auctions with a given numeraire still yield identical equilibrium outcomes, in which the auction is won by the highest valuer, who again pays money or receives fish according to the second-highest value. Now, however, the choice of numeraire has real consequences, and conventional and dual auctions yield different expected utilities and volumes of trade. From the seller's point of view, a conventional auction has an "insurance" advantage over a dual auction, because it induces uncertainty only about the allocation of money, which is costless under our assumptions on preferences, while a dual auction induces uncertainty about the allocation of fish, which is costly. This makes it possible for the seller to realize higher expected utility with a conventional auction. Because the seller normally chooses the auction form, this result yields a simple, plausible explanation of why dual auctions are so seldom observed.
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The welfare comparison between conventional and dual auctions is more complex for the buyers. The same buyer wins the auction in each case, and other buyers are indifferent between auction forms. In this version of our model, the buyers know all buyers' values, and the winning buyer's welfare is determined by the difference between his value and the second-highest value, which is the same in each case, and the size of the bundle. The seller's optimal fish bundle in a conventional auction is larger than the amount of fish received by a buyer in its dual counterpart who wins when the second-highest value is very high; the seller's optimal money bundle in a dual auction is smaller than the money paid by a buyer in its conventional counterpart who wins when the second-highest value is very high; and such a buyer always prefers the outcome of a conventional auction to that of its dual counterpart. Under a plausible additional restriction on preferences, the seller's optimal fish bundle in a conventional auction is larger than the amount of fish received by a buyer in its dual counterpart who wins when the secondhighest value is above its ex ante mean; the seller's optimal money bundle in a dual auction is smaller than the money paid by a buyer in its conventional counterpart who wins when the second-highest value is above its ex ante mean; and such a buyer always prefers the outcome of a conventional auction to that of its dual counterpart. Without further restrictions on preferences and the distribution from which values are drawn, these comparisons appear to be ambiguous for a buyer who wins when the second-highest value is below its ex ante mean, who might prefer the outcome of a dual or a conventional auction. The welfare comparison for the buyers remains ambiguous ex ante. Our observations in the Hu-Lin Street evening market make it intriguing that the potential for improving on conventional auctions depends on the auction being both dual and Dutch. Our results for this case provide a possible rationale for the Taipei auction, and suggest that the conjunction of duality and Dutchness may not have been coincidental.
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I. The Model and Possible Roles for Bundling
This section introduces the model and discusses possible roles for bundling, taking the choice of numeraire as given for now. We assume that both fish and money are homogeneous and perfectly divisible. There is one seller, with an initial supply of fish F, and there are n = 2 buyers; we index the seller i = 0 and the buyers i = 1,…,n. We assume that resale is impossible, and that the seller's and the buyers' preferences over auction outcomes can be represented by von Neumann-Morgenstern utility functions that are quasilinear: additively separable, linear in money, but strictly concave in fish. Agent i's represents a higher money value of fish for any given level of f i and m i , and from now on we use "higher value" as a shorthand for "higher value of fish." For simplicity, we assume that v i > 1, i = 1,…,n, and we order the buyers so that (ignoring ties) v 1 > v 2 > … > v n > 1, so that efficiency requires an exchange between the buyer and the seller whose value is highest.
We assume that ex ante, the v i , i = 1,…n, are independently and identically distributed, with
, where v min > 1. Thus, the buyers are symmetric and have independent private values (for fish, measured in money, or for money, measured in fish). The structure of the environment, including the auction form, is otherwise common knowledge. We vary the informational assumptions within this framework, first allowing the buyers' values to be common knowledge to the seller as well as the buyers, then to be common knowledge among buyers but unknown to the seller, and finally to be privately known by each buyer. We focus on symmetric Nash or Bayesian equilibria throughout.
We close this section by considering possible roles for bundling, following Krishna's (1993) analysis of sequential versus bundled multi-object auctions. Krishna presents an example to show that even when buyers' values are common knowledge, bundling can increase the seller's utility and the efficiency of the allocation by eliminating the adverse effects of buyers' anticipations of pecuniary externalities across sequential auctions. Her example involves one seller and two buyers, whose preferences differ in a way that is inconsistent with our assumption that buyers' preferences have the
We therefore present an example like hers, but with buyers'
preferences that are more compatible with our assumptions, in which bundling also increases the seller's utility and the efficiency of the allocation.
There are two buyers, one seller, and two identical fish. Let v 0 = 0, so that the seller values only money; this is inconsistent with our normalization but inessential, and could easily be relaxed. Let g(1) = 2, g(2) = 3, v 1 = 5, and v 2 = 2, so that buyer 1's reservation prices are $10 for one fish and $15 for two, and buyer 2's reservation prices are $4 for one fish and $6 for two. For simplicity, we respect the indivisibility of fish, comparing a sequence of two auctions of one fish each with a single, bundled auction of both fish. We also focus on conventional auctions.
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When the buyers' values are common knowledge, a conventional auction, English or Dutch, is always won by the highest valuer, at a price at least approximately equal to the second-highest value. In sequential auctions, however, the buyers' subgame-perfect equilibrium bidding strategies must reflect their rational anticipations of how the outcome of the current auction will influence the outcome of 6 When values are common knowledge, the analogous dual auctions yield the same allocations (Proposition 1). subsequent auctions. In our example, in a sequence of two auctions of one fish at a time, buyer 1 must win the second auction because his value is higher, but at a price that depends on whether buyer 2 won the first auction, due to the diminishing marginal value of fish. There is a unique subgame-perfect equilibrium, in which buyer 2 wins the first auction despite his lower value for fish, paying $3, and buyer 1 then wins the second auction, paying $2. In this equilibrium buyer 1's utility is 8; buyer 2's utility is 1;
and the seller's utility is 5. 7 By contrast, in a single, bundled auction of both fish, buyer 1 wins and pays $6, and his utility is 9; buyer 2 loses, pays nothing, and his utility is 0; and the seller receives $6, and his utility is 6. Thus, the bundled auction both allocates the fish more efficiently and yields the seller higher revenue: Everyone but buyer 2 is better off, and compensation could yield a Pareto-improvement.
When buyers' values are not observable by the seller, bundling in a multi-object auction can also be useful in sorting buyers with independent private values. This role of bundling is present in Myerson's (1981) analysis of optimal auctions (but not the main focus), in Maskin and Riley's (1984a) analysis of optimal monopolistic quantity discounting, and in McAfee, McMillan, and Whinston's (1989) analysis of optimal monopolistic bundling of heterogeneous goods.
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II. Equivalence of Conventional and Dual Auctions with Commonly Known Values
In the rest of the paper, we take the occurrence of bundling as given and study the effect of auction form and choice of numeraire on the allocation generated by a single, bundled auction under alternative informational assumptions. To focus on these issues, we assume from now on that the seller and the buyers ignore strategic interactions with any subsequent auctions; that their preferences over outcomes of the current auction can be described by von Neumann-Morgenstern indirect utility functions that satisfy the assumptions in Section I; and the seller chooses the optimal bundle, given the auction form. For simplicity, we also assume that g(·) satisfies the Inada condition ,
so that the seller's optimal bundle is always interior. 7 If buyer 1 deviated, bidding just high enough to win both auctions, he would win fish worth 15 to him, paying 4 + 4 = 8 for them, for a utility of 7 rather than 8. 8 In a common-values framework, Donald Hausch (1986) identifies a third possible role of bundling, eliminating buyers' incentives to underbid to avoid revealing private information that reduces their gain in subsequent auctions; but that role is not relevant in the independent private values model studied here. 
III. Conventional versus Dual Auctions with Values Unknown to the Seller
In this section, we assume that the buyers' values are common knowledge among the buyers but unknown to the seller. In this case, for a given choice of numeraire, English and Dutch auctions are both won by the highest valuer, who pays money or receives fish according to the second-highest value.
Thus, we need only distinguish between conventional and dual auctions.
In a conventional auction, the seller's optimal fish bundle, f c , is the value of f that solves: We stress that when the buyers' values are unknown to the seller, in a conventional auction f c is deterministic and m c is random, while in a dual auction m d is deterministic and f d is random. As a result, even though f c and m d solve the "same" problem with different forms of uncertainty, and in equilibrium each auction yields an exchange between the buyer and the highest valuer, who pays money or receives fish according to the second-highest value, conventional and dual auctions yield different volumes of trade and expected utilities.
Given our assumptions that g(·)
is concave and satisfies an Inada condition, the second-order conditions of problem (2) are always satisfied, and its solutions are always interior. f c is therefore determined by the first-order condition 
where the inequalities follow from revealed preference, the strict concavity of g(·) and Jensen's inequality, and the fact that v 2 and f d are negatively correlated. This completes the proof.
REMARK: The seller's preference for conventional over dual auctions stems from the fact that from his point of view, a conventional auction induces uncertainty only about the allocation of money, which is costless, while a dual auction induces uncertainty about the allocation of fish, which is costly. However, the proof is not a direct translation of this insurance intuition, and it shows that the seller's preference requires only that either the seller or the winning buyer is strictly risk averse in the relevant range, even though the buyers bear no uncertainty. In fact the seller's preference extends to the case where both he and the buyers are risk-neutral. There, in each case, his welfare increases with the volume of trade. 
where the equalities are from the first-order conditions (3) and (4) 
IV. Dual Dutch versus other Auction Forms with Privately Known Values
In this section, we assume that each buyer's value is privately known. In an English auction, conventional or dual, the buyers' uncertainty about each other's values has no effect: Vickrey (1961) , McAfee and McMillan (1987, pp. 706-710) ).
Conventional English and Dutch auctions therefore have the same optimal bundles and yield the seller the same expected utility. By Propositions 3 and 5, this expected utility is the same as in a conventional
English or Dutch auction when the buyers' values are common knowledge among the buyers but unknown to the seller, and it is higher than the seller's expected utility in a dual English auction when the buyers' values are either common knowledge among the buyers or privately known. This completes the proof.
Proposition 6 shows that with privately known values, the seller is still indifferent between a conventional Dutch and a conventional English auction, and that he prefers both to a dual English auction. These relationships are simple consequences of revenue equivalence and the insurance advantage of conventional over dual auctions identified in Proposition 3.
It remains to consider the seller's welfare in a dual Dutch auction. There, the buyers' uncertainty about each other's bids has a significant effect on the outcome, which gives a dual Dutch auction a potential advantage over a conventional English or Dutch auction or, a fortiori, a dual English auction. A dual auction effectively converts the buyers from risk-neutral (in money) to risk-averse (in fish), and in a dual Dutch auction with privately known values, risk-averse buyers' uncertainty about other buyers' bids induces them to bid more aggressively than if they were risk neutral (Charles Holt (1980) , Maskin and Riley (1984b) , McAfee and McMillan (1987) 
The seller's optimal money bundle, m d , is then the value of m that solves the problem:
The dual Dutch auction is still not optimal, but the optimal auction may be difficult to implement because it involves complex subsidization of high bidders who lose and penalization of low bidders (Maskin and Riley (1984b) , McAfee and McMillan (1987) , pp. 718-720)). With correlated values, the information about buyers' values revealed during an English auction may result in higher revenue to the seller than in a Dutch auction, despite the advantage of the Dutch auction noted here (Paul Milgrom and Robert Weber (1982) ).
where the expectation is taken with respect to the unconditional distribution of v 1 . Because g(·) satisfies an Inada condition, the solution of (9) must be interior; and given the fact that ? (·) and To see that the seller's expected utility in a dual Dutch auction can be lower than in a conventional English or Dutch auction, suppose that g(·) is linear, so that the seller and buyers are riskneutral. This violates our assumptions, but can be smoothed so that g(·) is slightly strictly concave everywhere but near 0, where it is concave enough to satisfy our Inada condition; a continuity argument will then yield the desired conclusion. When k = 2, for instance, the seller prefers a dual Dutch auction when v min = 3, 4, or 5, and a conventional English or Dutch auction when v min = 2, 6, or 7.
